We investigate the chiral properties of quenched domain-wall QCD ͑DWQCD͒ at the lattice spacings a Ϫ1 Ӎ1 and 2 GeV for both plaquette and renormalization-group ͑RG͒ improved gauge actions. In the case of the plaquette action we find that the quark mass defined through the axial Ward-Takahashi identity remains non-vanishing in the DWQCD chiral limit that the bare quark mass m f →0 and the length of the fifth dimension N s →ϱ, indicating that chiral symmetry is not realized with quenched DWQCD up to a Ϫ1 Ӎ2 GeV. The behavior is much improved for the RG-improved gauge action: while a nonvanishing quark mass remains in the chiral limit at a Ϫ1 Ӎ1 GeV, the result at a Ϫ1 Ӎ2 GeV is consistent with an exponentially vanishing quark mass in the DWQCD chiral limit, indicating the realization of exact chiral symmetry. An interpretation and implications are briefly discussed.
I. INTRODUCTION
A recent exciting development in lattice field theory is the realization of exact chiral-like symmetry at finite lattice spacing without fermion doubling. It started with the domainwall ͓1,2͔ and the overlap ͓3͔ formalisms, which were originally proposed to formulate chiral gauge theories. They were soon applied to vector gauge theories such as QCD ͓3-7͔, and progress culminated in the recent discovery ͓8͔ that the essential feature of these formalisms is the existence of chiral-like symmetry which follows from the GinspargWilson relation ͓9͔. An explicit form of the fermion action satisfying this relation is already known ͓6͔. These developments lead us to expect that QCD with exact chiral symmetry can be numerically simulated on a lattice.
The domain-wall fermion formalism is a five-dimensional extension of the Wilson fermion action with a negative mass ϪM . The theoretical basis is that the effective fourdimensional theory obtained by integrating out the heavy unphysical modes satisfies the Ginsparg-Wilson relation ͓10,11͔. On the practical side, the knowledge accumulated on the Wilson fermion action over the past twenty years enables an efficient implementation of this system on computers.
There are, however, two subtleties that need to be clarified for numerical applications of the domain wall formalism to QCD ͑DWQCD͒. First, the length of the fifth dimension N s cannot be set to infinity: one has to study the finite N s effect. Second, one has to tune the domain-wall height ͑i.e., fifth dimensional mass͒ M to an appropriate value in order to keep the massless mode.
In the free theory one massless mode exists in the range 0ϽM Ͻ2 ͓4͔. The two chiral modes, with opposite chiralities, are exponentially bound to the opposite boundaries in the fifth dimension. The situation remains unchanged in perturbation theory. An explicit calculation at one-loop order shows ͓12-14͔ the existence of the massless mode guaranteed for the range 0ϽM ЈϽ2 where M Ј receives a shift by the one-loop quantum correction. It is also easy to demonstrate that finite N s effects are suppressed exponentially in N s . Numerical tests of chiral properties and physical applications of ͑quenched͒ DWQCD were first discussed in Ref. ͓15͔ . Through measurements of pion mass and the K 0 ϪK 0 mixing matrix element at the gauge coupling ␤ϭ6/g 2 ϳ6.0 (a Ϫ1 Ϸ2 GeV͒, these quantities were shown to vanish in the chiral limit, as required by chiral symmetry, for a rather small fifth dimensional length of N s ϳ10. Good chiral behavior has also been observed for N s ϳ10 for a gauge field background with non-trivial topology ͓16͔. Even the AtiyahSinger index theorem has been shown to be approximately satisfied on a lattice for a non-zero quark mass ͓16,17͔.
These successful results have promoted further applications. The calculations include the strange quark mass using nonperturbative renormalization factors ͓18-20͔, the pion decay constant ͓21͔, the hadron mass spectrum ͓22,23͔ and QCD thermodynamics with dynamical quarks ͓24-26͔.
Earlier studies with DWQCD were limited to lattice spacings of around a Ϫ1 Ϸ2 GeV. It is obviously necessary to investigate the scaling behavior and carry out the continuum extrapolation. Reducing the lattice spacing from a Ϫ1 Ӎ2 GeV, however, is computationally difficult, since the formalism requires N s times more CPU time than usual simula-tions. Simulations at coarser lattices are easier, but we must clarify how large one can increase the lattice spacing while keeping the massless mode.
The chiral properties of quenched DWQCD have been examined in a number of recent reports ͓23,27-29͔ employing large fifth dimensional lengths up to N s ϳ50. The authors of Refs. ͓23,27͔, who made a study with the plaquette gauge action at ␤ϭ5.7 and 5.85 (a Ϫ1 Ϸ1 -1.5 GeV͒, claim that pion mass at such strong couplings does not vanish in the chiral limit after the N s →ϱ extrapolation, indicating that exact chiral symmetry is not realized. Our own study at ␤ ϭ5.65 ͓29͔ yields the same conclusion. We also find that a renormalization-group ͑RG͒ improved gluon action ͓30͔ does not improve the situation at a Ϫ1 ϳ1 GeV ͓29͔. In this paper we present a more systematic study of the chiral property of DWQCD covering both strong and ''weak'' coupling regions, corresponding to lattice spacings a Ϫ1 Ӎ1 and 2 GeV with both plaquette and RG improved actions. We emphasize that the chiral properties are best studied with the quark mass extracted by the WardTakahashi ͑WT͒ identity for the axial vector current. The difference of this mass and the bare quark mass defines what we call ''anomalous quark mass.'' We discuss that this quantity suffers from much less systematic uncertainties than the pion mass from both theoretical and numerical points of view. We study the behaviors of the anomalous quark mass as a function of N s and examine whether it vanishes exponentially in the N s →ϱ limit for various coupling regimes, as required by the self-consistency of the proper chiral theory. This study is also made with varying M and a fourdimensional spatial extent at some fixed coupling. We carry out this study with a parallel set of simulations employing both plaquette and RG-improved gauge actions to see the effect of improvement of the gauge field dynamics on the chiral property.
In the case of the plaquette action we find that the anomalous quark mass remains non-vanishing in the limit that m f →0 and N s →ϱ, indicating that chiral symmetry is not realized up to a Ϫ1 Ӎ2 GeV. On the other hand, the behavior is much improved for the RG-improved gauge action: while a non-vanishing quark mass remains at a Ϫ1 Ӎ1 GeV, the anomalous quark mass seems to vanish exponentially in N s at a Ϫ1 Ӎ2 GeV, suggesting the realization of exact chiral symmetry. In connection to our work we refer to Ref. ͓28͔, which attempts to extract the WT identity quark mass from the pseudoscalar susceptibility. This paper is organized as follows. In Sec. II we define the action and the anomalous quark mass. Numerical simulations and run parameters are described in Sec. III. In Sec. IV we investigate the chiral property for the plaquette action, and in Sec. V for the RG-improved gauge action. Our provisional interpretation is given in Sec. VI for the results we found from the simulation. We close the paper with a brief summary and comments on the application of DWQCD ͑Sec. VII͒. Appendix A presents an analysis with pion mass, and discuss whether they support the conclusions based on the anomalous quark mass. Numerical data for the anomalous quark mass and pion mass are collected in Appendix B.
II. ACTION AND AXIAL WARD-TAKAHASHI IDENTITY
We adopt Shamir's domain-wall fermion action ͓4,5͔, except that the Wilson term and the domain wall height M have minus signs:
where x,y are four-dimensional space-time coordinates, and s,sЈ are fifth-dimensional or ''flavor'' indexes, bounded as 1рs,sЈрN s with the free boundary condition at both ends ͑we assume N s to be even͒; P R/L is the projection matrix P R/L ϭ(1Ϯ␥ 5 )/2, and m f is physical quark mass. In DWQCD the zero mode of a domain-wall fermion is extracted by the ''physical'' quark field defined on the edges of the fifth dimensional space:
The QCD operators are constructed from these quark fields.
For the gauge part of the action we employ the following form in 4 dimensions:
͑2.6͒
where the first term represents the standard plaquette action, and the remaining terms are six-link loops formed by a 1 ϫ2 rectangle, a bent 1ϫ2 rectangle ͑chair͒ and a 3-dimensional parallelogram. The coefficients c 0 , . . . ,c 3 satisfy the normalization condition c 0 ϩ8c 1 ϩ16c 2 ϩ8c 3 ϭ1.
͑2.7͒
The standard Wilson plaquette action is given by c 0 ϭ1,c 1 ϭc 2 ϭc 3 ϭ0. The RG-improved action of Iwasaki ͓30͔ is defined by setting the parameters to c 0 ϭ3. 
͑2.10͒
where the axial-vector current A a (x) and the pseudoscalar density P a (x) are defined by
and J 5q a (x) representing explicit breaking of chiral symmetry takes the form
For a smooth gauge field background the anomalous con-
͘ is bounded by an exponentially small value with the argument ϪN s and vanishes in the limit N s →ϱ ͓5͔. In this paper we adopt the operator O ϭ P b (0,0), and measure the chiral symmetry breaking effect by
which we call ''anomalous quark mass.'' We expect this quantity to be dominated by short-range fluctuations since it is determined by the coupling strength of pion to the operators J 5q a and P b . Therefore, finite-size effects are likely to be small. For the same reason, there should be no quenched chiral singularities in the relation between m 5q and the bare quark mass m f . The axial WT identity is written in terms of the anomalous quark mass as
at large t. The left-hand side of this equation, proportional to the pion mass squared, vanishes at m f ϩm 5q ϭ0.
III. RUN PARAMETERS AND MEASUREMENTS
We explore the chiral properties of DWQCD at both a Ϫ1 Ӎ1 and 2 GeV using the plaquette and the RG-improved actions. For the plaquette action, we choose the couplings ␤ϭ 5.65 and 6.0, which correspond to a Ϫ1 ϭ1.00 and 2.00 GeV, respectively, if one determines the scale from the string tension ͓31͔ assuming ϭ͑440 MeV) 2 . For the RGimproved action, we take ␤ϭ2.2 and 2.6 for which a Ϫ1 ϭ0.97 and 1.94 GeV also from the string tension reported in Refs. ͓32-34͔.
We generate quenched gauge configurations on fourdimensional N 3 ϫN lattices. One sweep of the gauge update contains one pseudo-heatbath and four over-relaxation steps. For runs at a Ϫ1 Ӎ1 GeV we adopt the lattice size of 12 3 ϫ24 and 16 3 ϫ24 to study finite-size effects. At a Ϫ1 Ӎ2 GeV only a 16 3 ϫ32 lattice is employed. After a thermalization of 500 ͑2000͒ sweeps hadron propagators are calculated at every 100th ͑200th͒ sweeps for a Ϫ1 Ӎ1 GeV ͑2 GeV͒. The domain-wall quark propagator is calculated on N 3 ϫN ϫN s lattices, where the gauge configuration on each fifth dimensional coordinate s is identical and is fixed to the Coulomb gauge. The size of the fifth dimension is varied from N s ϭ10 to 50 at a Ϫ1 Ӎ1 GeV, and from N s ϭ4 to 24-30 at a Ϫ1 Ӎ2 GeV, depending on the gauge action. To allow a chiral extrapolation, we employ fermion masses of m f ϭ0.03,0.05,0.1 ͑at a Ϫ1 Ӎ1 GeV͒ and m f ϭ0.02,0.04,0.06 ͑at a Ϫ1 Ӎ2 GeV͒. The domain-wall height dependence is examined at a Ϫ1 Ӎ1 GeV with the choice of M ϭ1.3, 1.7, 2.1, and 2.5. At a Ϫ1 Ӎ2 GeV we choose M ϭ1.8.
The propagators are calculated with the conjugate gradient algorithm with an even-odd pre-conditioning. We place the source at sϭ1 and N s in the fifth coordinate, so that the propagator from the physical field q to the domain-wall field
x,s for arbitrary (x,s) is obtained. Both local and exponentially smeared sources are employed in the spatial directions, and meson masses are measured for all possible combinations of quark masses while only degenerate combinations are evaluated for anomalous quark masses.
Our simulation parameters and the number of configurations are given in Table I . We note that gauge configurations are generated independently for each choice of N s and M, i.e., there are no correlations between the data generated with a different domain-wall height and a fifth-dimensional size.
In Figs. 1 and 2 we show typical data for the ratio of two-point functions defined in Eq. ͑2.14͒ as a function of the temporal distance t. We obtain the anomalous quark mass m 5q at each m f , M and N s , by fitting the plateau with a constant, the fitting range being determined by the inspection of plots for the ratio and those for the effective pion mass. We choose 8рtр16 as the fitting range for all simulations at ␤ϭ5.65 ͑plaquette͒ and ␤ϭ2.2 ͑RG͒. We use 10рtр22 at ␤ϭ6.0 for the plaquette action and ␤ϭ2.6 for the RG action. The numerical values for m 5q and pion mass are given in Appendix B.
IV. PLAQUETTE GAUGE ACTION
We discuss the anomalous quark mass for the plaquette gauge action. The bare quark mass (m f ) dependence of the anomalous quark mass m 5q is illustrated in Fig. 3 for ␤ ϭ5.65 and 6.0. We observe only a mild dependence of m 5q on m f . The anomalous quark mass in the nominal chiral limit m 5q (m f ϭ0,N s ,M ) is obtained by a linear extrapolation in m f . The extrapolated values are collected in Appendix B.
If chiral symmetry is realized in the N s →ϱ limit of the DWQCD system, m 5q (m f ϭ0,N s ,M ) should vanish exponentially in N s . We examine this point first at a strong coupling ␤ϭ5.65 corresponding to a Ϫ1 Ӎ1 GeV. The anomalous quark mass in the nominal chiral limit, m 5q (m f ϭ0,N s ,M ), is plotted as a function of N s in Fig. 4 In order to examine the stability of the fit, we carry out fits to the four points excluding the data for the smallest fifth dimensional length N s ϭ10. As seen in Table II , the data are again fitted well with an exponential plus a constant, but not without a constant. The constant c agrees between the fiveand four-point fits within statistical errors.
Our data at ␤ϭ6.0 are shown in Fig. 5 where, for com- ␤ϭ6.0, giving m 5q an order of magnitude smaller at ␤ ϭ6.0 than at ␤ϭ5.65:
Nonetheless, we still observe a clear flattening of m 5q toward a large N s . A plain exponential fit without a residual constant does not work. This is true even if we drop the N s ϭ4 data. The fit including a constant is acceptable as shown by the solid lines in Fig. 5 ͑see Table II for details of 2 analyses͒.
As a further test for the presence of a non-zero constant, we extract the decay rate in N s not only at the chiral limit (m f ϭ0) but also at a finite m f . According to the transfer matrix description of DWQCD ͓5,10,11͔, the mass term, which appears only at the boundary in the fifth dimension, does not affect the large N s dependence of m 5q ; hence we expect that does not depend on m f . The decay rates from a fit with an exponential and a constant are plotted in Fig. 6 , which show that this expectation is well satisfied at a strong coupling, and within estimated errors also at a weaker coupling. The decay rate extrapolated to the chiral limit from finite m f is consistent with the value directly extracted for m f ϭ0, showing the consistency of the analysis.
We conclude that a residual constant remains in the anomalous quark mass in the N s →ϱ limit. The presence of a residual constant, even if it is small, means that quenched DWQCD does not realize the expected chiral symmetry for the plaquette action, at least, up to a Ϫ1 Ӎ2 GeV. We remark that our conclusion differs from Ref. 
V. RENORMALIZATION GROUP IMPROVED ACTION
We may ascribe the failure in satisfying chiral symmetry seen in the last section to the roughness of gauge configura- tions with the plaquette action at the lattice spacings we have studied. We suspect that the massless mode may exist on sufficiently smooth gauge configurations close to the continuum limit ͓35,36͔. One way to realize smooth gauge configurations, yet keeping the lattice spacing coarse enough to make a computation feasible, is to employ improved gauge actions. So we discuss the case with the RG-improved gauge action ͓30͔ in this section.
The anomalous quark mass in the nominal chiral limit m 5q (m f ϭ0,N s ,M ) is plotted as a function of N s in Figs. 7 and 8. Figure 7 compares a typical result at a strong coupling (␤ϭ2.2) with that at a weaker coupling (␤ϭ2.6). Figure 8 displays the results at ␤ϭ2.2 for three different choices of M and for two different choices of the spatial lattice size N . A comparison of solid points (16 3 ϫ24ϫN s lattices͒ and open points (12 3 ϫ24ϫN s ) verifies the absence of a significant finite size effect at this ␤. In order to take the N s →ϱ limit we carry out exponential fits, with or without a constant, as we did for the plaquette action. The fit parameters are summarized in Table III. We first discuss the results in the weak coupling region displayed in Fig. 7 . As one can see from large values of 2 /DOF in Table III We obtain a different result for a strong coupling. Solid lines in Fig. 8 show fits to all five data points with an exponential plus a constant. They provide reasonable fits to all data. On the other hand, a plain exponential does not fit the data.
Repeating the analysis for the four data points excluding N s ϭ10, we still find the fit with a non-zero constant ( 2 /DOFϭ0.1) being much better than a plain exponential ( 2 /DOFϭ4.0) at M ϭ2.1. The constant c is consistent be- tween the four-and five-point fits. This analysis supports theconclusion that chiral symmetry is not realized at M ϭ2.1. The four data points at M ϭ1.7, on the other hand, are fitted well with either of the two forms with 2 /DOFϽ1. The constant c for the four-point fit is consistent with zero within two standard deviations. Thus the possibility that m 5q vanishes exponentially in N s at M ϭ1.7 cannot be excluded from this analysis at m f ϭ0 alone.
To further explore this issue, we attempt to fit the data for m f 0. We find that the plain exponential does not fit the data at non-zero m f , leading to a large 2 /DOF as shown in Fig. 9 . Since we expect the anomalous quark mass to depend little on m f from the transfer matrix formalism of DWQCD, this suggests that the good fit we obtained without a constant at m f ϭ0 is perhaps accidental. While further data are needed for a definitive conclusion, we think it likely that a non-zero anomalous quark mass also remains in the N s →ϱ limit at M ϭ1.7.
The value of the residual quark mass is small. From the five-point fit, we obtain m 5q ϭ ͭ 3.60͑45͒ MeV at M ϭ1.7, 2.87͑23͒ MeV at M ϭ2.1.
͑5.1͒
We finally show the decay rates at finite m f and m f ϭ0 in Fig. 10 . The decay rates at ␤ϭ2.2 are obtained by the five-point fit with a constant, while those at ␤ϭ2.6 employ plain exponential fits to the four data points. As expected, the decay rates depend little on m f ; their values at m f 0 are consistent with those at m f ϭ0.
We conclude that the RG-improved action significantly improves the chiral behavior of DWQCD. While chiral symmetry is still not realized at a Ϫ1 Ӎ1 GeV, the residual anomalous quark mass is sizably reduced compared with that with the plaquette action. The results at a weaker coupling (a Ϫ1 Ӎ2 GeV͒ are consistent with the vanishing anomalous quark mass, supporting the realization of chiral symmetry with DWQCD.
VI. DISCUSSION
Let us now try to understand our findings. The anomalous quark mass m 5q vanishes exponentially in N s if the eigenvalues of the transfer matrix in the fifth direction are strictly less than unity ͓5͔. This is also suggested from the fact that the Dirac operator of the effective theory ͓10,11͔ becomes local and well defined in this case ͓35,36͔. The occurrence of a unit eigenvalue, in turn, is in one-to-one correspondence with that of a zero eigenvalue of the four-dimensional Hermitian Wilson-Dirac operator H W ͓3͔ or more complicated one, Ĥ W , defined through the fifth dimensional transfer matrix T ͓5,10͔, It has been argued that zero eigenvalues of H W are related to the existence of the parity-flavor broken phases in ordinary lattice QCD with the Wilson quark action ͓37-41͔. The connection follows from the identity for the parity-flavor order parameter ͗q i␥ 5 3 q͘ given by In Fig. 11 , the expected phase diagram is schematically drawn in the (␤,M ) plane, where ϪM is the bare quark mass of the Wilson quark action. In the shaded regions the parity-flavor symmetry is broken spontaneously corresponding to a non-zero density of zero eigenvalues of H W . At the critical lines that form the phase boundaries, the neutral pion mass vanishes. At a strong coupling (␤Ͻ␤ c ) there are only two critical lines, while there exist ten of them at a weak coupling (␤Ͼ␤ c ) and 5 points where two lines meet at ␤ ϭϱ. Each point corresponds to one continuum limit, whose low energy spectra are composed of a part of sixteen fermion doublers.
For DWQCD to work we have to tune the domain-wall height M within the thick shaded region in Fig. 11 in order to avoid zero eigenvalues of H W . In the weak coupling limit, this region is given by 0ϽM Ͻ2. As the coupling increases, the range is shifted to a larger value of M and shrinks in width. Finally no massless fermion exists in the strong coupling region at ␤Ͻ␤ c .
If we assume that absence of a zero eigenvalue is not only a sufficient but also a necessary condition for the success of DWQCD, a naive interpretation of our results for DWQCD according to this picture would be that ␤ c Ͼ6.0 for the plaquette action while 2.6Ͼ␤ c Ͼ2.2 for the RG-improved action, or in terms of the lattice spacing a c Ϫ1 evaluated at ␤ϭ␤ c ,a c Ϫ1 տ2 GeV for the former action and 2 GeV տa c Ϫ1 տ1 GeV for the latter. This interpretation seems inconsistent with the quenched spectrum result for the plaquette action obtained in Ref. ͓40͔; in this work, non-zero pion mass, signalling the parity conserving phase, was reported over the range 0.909(11)рM р2.347(5) at ␤ϭ6.0, indicating ␤ c Ͻ6.0. A possible explanation reconciling this apparent conflict is as follows. If the order parameter, Eq. ͑6.1͒, remains non-zero in the H →ϩ0 limit, the charged pions become massless NambuGoldstone modes associated with spontaneous parity-flavor breaking in the infinite volume limit. The fact that m 5q in the proper chiral limit is tiny at ␤ϭ6.0 suggests that the magnitude of the order parameter is extremely small. Since the simulation in Ref. ͓40͔ is performed on a finite volume (16 3 ) without adding the external field H, it may be difficult to detect the existence of massless pions corresponding to such a small order parameter. The anomalous quark mass, m 5q , on the other hand, is very sensitive to the small eigenvalues of H W , and hence to the non-zero order parameter. To clarify this issue, a more detailed study for the parity-flavor breaking phase of ordinary lattice QCD with the Wilson quark will be needed.
The actual dynamics inducing non-zero H W (0) may be complicated, possibly involving instantons. The relation between the spectral gap of the Hermitian Wilson-Dirac operator H W and the instanton number has been extensively studied ͓42͔. While a single instanton causes a zero eigenvalue of H W only for a single value of M, an ensemble of instantons may lead to a non-zero density H W (0) 0. In particular unphysical short-distance topological dislocations, having an action less than that of physical instantons that are present for the plaquette action, may lead to such an effect. They will lead to an anomalous quark mass even at a Ϫ1 Ӎ2 GeV as we have found in our simulations. This mechanism may also explain the difference in the lattice spacing needed to realize chiral symmetry in DWQCD between the plaquette and RG-improved actions. The RG-improved gauge action suppresses unphysical dislocations by pushing the action above that of physical instantons ͓43͔. Hence their influence on the density of zero eigenvalues will be negligibly small compared to that for the plaquette action. Work exploring zero eigenvalues of the Wilson-Dirac operator for both gauge actions ͓44͔ should shed light on this interesting problem.
VII. CONCLUSIONS
We have investigated the chiral property of domain-wall QCD within the quenched approximation. We have defined the anomalous quark mass ͑axial WT identity quark mass͒ as an indicator for the realization of chiral symmetry. Our simulations have been made in both strong and weak coupling regions corresponding to a Ϫ1 Ӎ1 and 2 GeV, using the plaquette and RG-improved gauge actions. We have found that the anomalous quark mass remains non-zero in the DWQCD chiral limit, m f →0 and N s →ϱ for the plaquette action for a Ϫ1 р2 GeV within our numerical data taken and the assumption of a single exponential plus a constant for the form of fit function. The magnitude of chiral symmetry breaking rapidly decreases with lattice spacing, but the exact chiral symmetry is not realized at least for this lattice spacing.
On the contrary, our analysis for the RG-improved action reveals a much improved chiral behavior. The anomalous quark mass vanishes exponentially with this action at a Ϫ1 Ӎ2 GeV, indicating that the exact chiral symmetry is real-ized. At a Ϫ1 Ӎ1 GeV the improvement of the chiral behavior is not sufficient to remove a non-zero anomalous quark mass.
Overall, quenched domain-wall QCD at a Ϫ1 Ӎ1 GeV appears no better than usual lattice QCD with the ordinary Wilson quark action. Since the effect of explicit chiral symmetry breaking is non-negligible, the operators relevant for the electroweak matrix elements mix nontrivially between different chiralities. There is no a priori reason to expect that these mixing coefficients are small.
The situation is better in the weak coupling region, e.g., at a Ϫ1 Ӎ2 GeV. Even with the plaquette action, the chiral symmetry breaking effect is significantly smaller than the physical u,d quark masses, and hence may not seriously affect the chiral properties of weak matrix elements ͓20͔. Moreover, the chiral property of DWQCD is distinctly improved with the RG action: not only the explicit breaking is shown to vanish exponentially in N s , but also the size of the breaking effect at finite N s is smaller. The improved gauge actions, such as the RG-improved one, should be a preferred choice for future numerical simulations for DWQCD.
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APPENDIX A: PION MASS
The pion mass is a standard quantity in examining the chiral property, and hence often studied in the context of DWQCD. Analyses of this observable, however, is not straightforward due to possible finite size effects, particularly for small pion masses, and difficulties associated with the chiral extrapolation because of chiral logarithms, which may be quite significant in quenched QCD. Numerically the pion mass has to be extracted from an exponential falloff of the pion propagator. Even though the pion propagator has the best statistical quality among hadron propagators, this procedure is more susceptible to statistical and systematic uncertainties than the determination of the anomalous quark mass which involves only a constant fit to a ratio of two kinds of propagators. For these reasons we have employed the anomalous quark mass in the main body of the present paper. In this appendix we present our results for the pion mass, and discuss to what extent they match with those obtained with the anomalous quark mass.
Typical 
Strong coupling region
We first discuss pion mass results at the strong coupling a Ϫ1 Ӎ1 GeV. In Fig. 13͑a͒ we plot the pion mass squared m 2 in the chiral limit m f av ϭ0 as a function of N s for the plaquette action at ␤ϭ5.65. Filled symbols are obtained on a lattice of spatial size N ϭ16 and open ones with a spatial size of N ϭ12. A similar figure for the RG-improved action is shown in Fig. 13͑b͒ .
Solid lines in these figures show results of fits by a form cϩ␣e ϪN s using all five points obtained on an N ϭ16 lattice (M ϭ1.7,2.1) or an N ϭ12 lattice (M ϭ1.3,2.5). They reproduce the data well for a non-zero c with an acceptable 2 as summarized in Tables IV and V . Therefore pion mass does not vanish in the chiral limit m f →0 and N s →ϱ at a Ϫ1 Ӎ1 GeV for the plaquette and the RG-improved actions, which is consistent with the conclusions from the analysis of the anomalous quark mass.
In order to check our procedure of taking the chiral limit we interchange the order of the limits m f av →0 and N s →ϱ. The same consistency check is also made for the RGimproved action.
The above analyses strongly support the conclusion that m does not vanish in the limit m f av →0 and N s →ϱ. In order to examine finite spatial volume effects as a possible origin of this non-zero mass, we compare the pion mass squared in the proper chiral limit m 2 (m f av →0,N s →ϱ) for two kinds of lattice volumes 12 3 ϫ24 ͑open symbols͒ and 16 3 ϫ24 ͑filled symbols͒ in Fig. 15 .
The circles and diamonds represent the results from the plaquette and the RG action, respectively. The horizontal triangles are results for the Nambu-Goldstone pion mass of the Kogut-Susskind quark action at ␤ϭ5.7 (a Ϫ1 ϭ1.12 GeV͒ for a spatial lattice size of N ϭ12 ͑open triangle͒ ͓45͔ and N ϭ16 ͑filled triangle͒ ͓46͔. From comparison of these data points, we consider that there may be some finite size effects at M ϭ1.7, but that they are not large enough to explain non-zero values of pion mass for DWQCD at strong coupling.
Since there still remains a possibility that this non-zero mass is caused by the quenching effect, we adopt the WT identity mass as a better indicator to test the chiral property of DWQCD in the main body of this article.
Weak coupling region
Pion mass squared in the chiral limit m 2 (m f ϭ0,N s ,M ) is plotted in Fig. 16 for the plaquette action at ␤ϭ6.0 and in 3 ϫ24 ͑open symbols͒. Open and filled triangles are those from the KS fermion action at N ϭ12 ͓45͔ and N ϭ16 ͓46͔ lattice volumes, which represent the pure finite volume effect. 3 ϫ40 ͑star͒ ͓47͔. This indicates that these non-zero pion masses are mainly caused by finite spatial volume effects. Hence the chiral property of DWQCD cannot be studied by pion mass in the weak coupling region on this volume.
APPENDIX B
In this appendix we list results for anomalous quark mass m 5q and pion mass squared m 2 . All errors are estimated with the jackknife method. See Tables VI-XVII. 
